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ABSTRACT
We apply the techniques of S7-algebras to the construction of N=5-8 supercon-
formal algebras and of SO(1,9), a modification of SO(1,9) which commutes with
S7-transformations. We discuss the relevance of SO(1,9) for off-shell super-
Maxwell theory in D=(1,9).
1. N=5-8 Superconformal Algebras
We seek to generalize the N = 4 superconformal algebra
JI(z)JJ (w) =
−c/3
(z − w)2 δ
IJ +
1
z − w ǫ
IJK
(
JK(z) + JK(w)
)
,
JI(z)Ga(w) =
1
z − w σ
I
ab Gb(w)] ,
Ga(z)Gb(w) =
2c/3
(z − w)3 δab +
1
(z − w)2 σ
I
ab
(
JI(z) + JI(w)
)
+
1
z − w δab
(
L(z) + L(w)
)
(1)
with
I, J,K ∈ {1, 2, 3} , a, b ∈ {0, 1, 2, 3}
and
σIab = [e
∗
a eb e
I∗].
The symbols ea and e
I∗ denote unit quaternions and their conjugates, and by the
bracket [...] we mean the real part of a hypercomplex number. The step from N = 4
to N > 4 proceeds by first generalizing SU(2) ≃ S3 to S7. The latter is not a
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group manifold anymore, and therefore we generalize the structure constants ǫIJK to
structure functions
T IJKX = [(e
I∗X∗) (XeJ) eK∗] =: [(eI∗ ◦
X
eJ) eK∗] , (2)
defined using imaginary unit octonions eI and the octonionic coordinate X, |X| = 1
on the seven-sphere [1, 2, 3, 4]:
JI(z)JJ(w) =
k
(z − w)2 δ
IJ +
2
z − w : T
IJK
X (w) J
K(w) : ,
JI(z)X(w) =
1
z − w X(w) e
I∗ , (3)
where now of course I, J,K ∈ {1, · · · , 7} and a, b ∈ {0, · · · , 7}. We remark that
octonions are nonassociative:
eI∗ ◦
X
eJ = (eI∗X∗) (XeJ) 6= eI∗eJ , (4)
otherwise S7 would be as simple as S3 and many of the problems we address and
which remain would vanish.
Eq.(3) looks quite nonlinear, and is for that reason difficult to generalize. The
algebra becomes much more manageable if we first represent X by an uncomstrained
octonion λ via X = λ/|λ| and work with operators K = λJ∗ instead of J . Then we
obtain [5]
Ka(z)Kb(w) =
2
z − w λ[a Kb](w)
Ka(z)λb(w) =
1
z − w (|λ|
2δab − λaλb)(w) , (5)
which means that the structure functions are linear in the coordinate λ. If we define
fermionic generators F α for α ∈ {0, · · · , 7} if N=8, or α ∈ {1, · · · , N} if N < 8, this
almost holds for the structure functions of the entire superconformal algebra:
Ka(z)Kb(w) =
2
z − w λ[a Kb](w)
Ka(z)F
α(w) =
1
z − w σ
αβ
ab Kb(w) ∂θ
β(w)
F α(z)F β(w) =
−1
(z − w)2
(
λa σ
αβ
ab Kb(z) λa σ
αβ
ab Kb(w)
)
+
+
2
z − w
(
δαβ
(
|λ|2L− ∂λaKa − ∂θαF α
)
+ 2∂θ(αF β)
)
.(6)
The structure functions in eq.(6) depend not only on the coordinates of the seven-
sphere, but also on their superpartners θµ, µ ∈ {0, · · · , 7}. It should be stressed
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that both eq.(5) and eq.(6) are computed as classical algebras, i.e. neglecting double
commutators. We should add the action of the generators on the coordinates:
Ka(z)λb(w) =
1
z − w (|λ|
2δab − λaλb)(w)
F α(z)λb(w) =
−1
(z − w) λa (σ
ασ¯β)ab ∂θ
β(w)
F α(z)θβ(w) =
1
z − w δ
αβ |λ|2(w) . (7)
A representation is furnished by the explicit example
Ka = λbλbwa − λbwbλa − 1
2
σµνab λbψ
µψν
F α = |λ|2pα + λa (σασ¯β)ab wb ∂θβ
+ 2 ψα ψβ ∂θβ + ∂xa(σ
ασ¯µ)ab λb ψ
µ
L =
1
2
∂λawa − 1
2
λa∂wa +
1
2
∂xa∂xa − 1
2
ψa∂ψa . (8)
We may now rewrite the complete algebra in terms of the currents JI(z) and Ga(z) =
|λ|−1[X F ea∗]. We note that Ga(z) is reducible for N < 8.
JI(z)Ga(w) =
1
z − w
(
(σ¯ασIX)a (Xσ
αG)
+ 4 (δIKαβ + δ
IJT IJKX )J
K (σ¯αX)a
∂θβ
|λ|
)
(w)
Ga(z)Gb(w) =
−1
(z − w)2
(
(σ¯αX)a (σ¯
βX)b
(
2δ0Iαβ − δJKαβ T IJKX
)
JI(z)
+ (z ←→ w)
)
+
2
z − w
(
(σ¯αX)(a (σ¯
β∂X)b)
(
2δ0Iαβ − δJKαβ T IJKX
)
JI(z)
+ (σ¯γX)(a (σ¯
βδσγ)b)
∂θδ
|λ| (Xσ
βG)
+ (σ¯αX)a (σ¯
αX)b
(
L + (XσI∂X)JI
))
(w) . (9)
The basic structure of the algebra becomes clear if we set X = 1 and θ = 0, ∂θ = 0:
JI(z)Ga(w)
∣∣∣∣
X=1,θ=0
=
1
z − w [e
∗
ae
I∗eα] Gα(w)
Ga(z)Gb(w)
∣∣∣∣
X=1,θ=0
= δαa δ
β
b
{
1
(z − w)2 [e
∗
ae
∗
βe
I∗] (JI(z) + JI(w))
3
+
2
z − w δ
αβ L(w)
}
JI(z)ψµ(w)
∣∣∣∣
X=1,θ=0
=
1
z − w [e
µeν∗eI∗] ψ
ν
Ga(z)ψ
µ(w)
∣∣∣∣
X=1,θ=0
=
1
z − w δ
α
a [e
∗
αe
µeb] ∂xb(w)
Ga(z)xb(w)
∣∣∣∣
X=1,θ=0
=
1
z − w δ
α
a [eαe
∗
be
µ∗] ψµ , (10)
which is an algebra very similar to the nonassociative construction of Defever, Troost
et.al.[6]. We interprete eq.(10) as a N > 4 superconformal algebra “at the north pole
of S7”. Almost all the complications evident in eq.(9) are due to the nonassociativity
of octonions forcing us off the north pole.
The quantum versions of the above algebras are straightforward but quite tedious
to elaborate. For N < 8, field-dependent central terms arise. It is easy to arrive at
a quantum N=8 algebra with only C-number central terms: one simply leaves out
all the ψ- and x-dependence in eq.(8). It is more difficult, but possible for N=8,
to achieve that also in the general case. For a thorough discussion of the various
quantum versions of the N = 8 algebra we recommend H. Samtleben’s discussion [7].
2. SO(1,9) and N=1 Supersymmetric Maxwell-Theory in D=10
The off-shell supersymmetry transformations of a U(1) gauge theory in D=(1,3)
and D=(1,5) may be put in the form [8]
δǫAM = 2i [ǫ
∗
α˙σ¯
α˙α
M ψα]
δǫD
I = 2i [ǫ∗α˙σ¯
α˙α
M σ
I
α
β∂Mψβ]
δǫψα = ∂MANσ
MN
α
βǫβ − DIσIαβǫβ , (11)
where α, α˙, β ∈ {1, 2}, M ∈ {0, · · · , D − 1}, I ∈ {1, · · · , D − 3}, the spinor
components ǫα, ψα take values in C or H, and the bracket [...] takes the real part of
a (hyper)complex expression. The various sigma-matrices are defined as follows:
[ψα σMαα˙ χ
α˙] =
√
2δM+ [ǫ
∗
1λ1] −
√
2δM
−
[ǫ∗2λ2] + [ǫ
∗
1e
µλ2] + [ǫ
∗
2e
µ∗λ1]
[ǫ∗α˙ σ¯
Mα˙α λα] = −
√
2δM
−
[ǫ∗1λ1] +
√
2δM+ [ǫ
∗
2λ2] − [ǫ∗1eµλ2] − [ǫ∗2eµ∗λ1]
[ψα σIα
β λβ] = [ψ
1λ1e
I∗] + [ψ2λ2e
I∗]
[λ∗α˙ σ
I α˙
β˙ ψ
∗β˙] = [λ1∗ψ∗1e
I∗] + [λ2∗ψ∗2e
I∗] , (12)
where µ is a SO(D-2) vector index, i.e. µ ∈ {1, · · · , D − 2}, and as usual σMN =
σ[M σ¯N ]. It is useful to introduce the real spinor ψA = ψ1,a, ψ2,a˙ in terms of two SO(D-
2)-spinors with ψ1 = ψ1,aea, ψ2 = ψ2,a˙, a, a˙ ∈ {0, · · · , D−3}. Then the sigma-matrices
have the following form:
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σMAB =
( √
2δM+ δab σ
µ
ab˙
σ¯µa˙b −
√
2δM
−
δa˙b˙
)
σ¯MAB =
( −√2δM
−
δab −σµab˙
−σ¯µa˙b
√
2δM+ δa˙b˙
)
σIA
B = σ¯IAB
(
σIab 0
0 σI
a˙b˙
)
. (13)
The main properties of these sigma-matrices are σ(M σ¯N) = −ηMN and σM σ¯I =
σIσM . The latter equation may be understood by looking at eq.(12): σ
M multiplies
a spinor on the left by a (hyper)complex number, while σI does so on the right.
Both operations commute by the associativity of multiplication. The reader may
wonder about the matrices σI . They incorporate, in a real basis, the (hyper)complex
structure of spinors in D=(1,3) and D=(1,5). One way to see why they are necessary
is to count sigma-matrices, for example in D=(1,5):
σM(AB) : 6
σMNP[AB] : 10 (selfdual in MNP )
(σM σ¯I)[AB] : 3 · 6
(σMNP σ¯I)(AB) : 3 · 10
(14)
Without σI we would not properly fill out the total of 64 matrices with 28 antisym-
metric and 36 symmetric ones. This counting makes it pretty clear why it should be
hard to extend this picture to D=(1,9). There we have:
σM(AB) : 10
σMNP[AB] : 120
σMNPQR(AB) : 126 (selfdual in MNPQR) .
(15)
We obtain the full 16 · 16 = 256 matrices without recourse to some σI , which would
not commute with σM in any event, due to the nonassociativity of octonions.
In the following we will introduce a modification of SO(1,9), which we will call
SO(1,9), where there does exist an octonionic structure that commutes with the
generators. Using this modification in eq.(11), we will be able to retain the closure of
the algebra on the bosonic fields FMN = ∂[MAN ] and D
I , but not on the fermions λα.
To start with, we introduce the algebra of eq.(3) once again, this time in the guise
of what we will call SO(8):
Σµνab = [(λe
[µ)eν]∗∂∗λ]δab + [(e
∗
aX
∗)((Xe[µ)eν]∗)eb] (16)
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are the generators for the spinor-representation, so that, in octonionic form, with
ζ = ζaea:
Σµνζ = X∗(((Xe[µ)eν]∗)ζ)
ΣµνX = (Xe[µ)eν]∗ (17)
The commutators are readily computed:
[Σµν ,Σρσ]ab = −8δ[µ[ρΣν]σ]ab , (18)
i.e. we obtain the usual SO(8) commutation relations. However, we clearly are per-
forming nothing but S7-transformations, and hence SO(8) ought to be 7-dimensional.
This is true, since the projection operator
P µνρσ = −
1
8
[(e[µ ◦
X
eν]∗)(e[ρ ◦
X
eσ]∗)] (19)
acts trivially on Σµν and has dimension 7:
P µνρσ Σ
ρσ
ab = Σ
µν
ab
P µνµν = 7 . (20)
We have, through the introduction of the S7-coordinate X , gained the room to intro-
duce (an infinity of) commuting S7’s, of which we pick the following example:
ΣIab = δabδ
I + [e∗aX
∗(((Xeb)Y
∗)(Y eI∗))]
δIY = Y eI∗ , (21)
where we have introduced yet another S7-variable Y, which is not strictly necessary.
Setting Y = 1 and δIY = 0 does not alter the picture qualitatively. That case,
however, is a rewritten version of eq. (2.11) in [4]. In any case we have now
ΣµνΣI = ΣIΣµν . (22)
It remains to define the counterpart to σµ
ab˙
:
Σ0ab = δab
Σjab = [λe
j∂∗λ]δab + [(e
∗
aX
∗)(Xej)eb]
Σµ
ab˙
= (Σ0,Σj)ab˙
Σ
µ
a˙b = (Σ
0,−Σj)a˙b
ΣIab = [ηe
I∗∂∗η ]δab + [(e
∗
aX
∗)((Xeb)Y
∗)(Y eI∗)] , (23)
where Y = η/|η|. In order to ensure the usual (anti)hermiticity properties, we inte-
grate eq.(12) overX and Y , with normalization
∫
dX = 1. Without these integrations,
identities such as∫
dXdY [ψa∗ (Σ[iΣjΣk])ab χ
b] =
∫
dXdY [χa∗ (Σ[iΣjΣk])ab ψ
b] (24)
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would be incorrect.
Now we have all the ingredients we need to construct SO(1,9): we simply replace
SO(8)-invariant matrices in eq.(13) by SO(8)-invariant differential operators, and
inner products get integrated over X and Y . We will define the SO(1,9)-invariant
sigma-operators in complete analogy with eq.(13) and denote them with ΣM , Σ¯M and
ΣI .
The supersymmetry algebra then reads:
δǫAM = 2i
∫
dXdY [ǫ∗α˙Σ¯
α˙α
M ψα]
δǫD
I = 2i
∫
dXdY [ǫ∗α˙Σ¯
α˙α
M Σ
I
α
β∂Mψβ]
δǫψα = ∂MANΣ
MN
α
βǫβ − DIΣIαβǫβ , (25)
By construction, it closes off-shell on the bosonic fields. Of course, this is the easy
part. The algebra does not close on the fermions, since the required Fierz-identity∫
dXdY dX ′dY ′
(
Σ¯N (X)
D(B ΣMN (X ′)A
C) + Σ¯MI(X, Y )D(B ΣI(X ′, Y ′)A
C)
)
=
∫
dX Σ¯M(X)
BCδDA (26)
fails to hold. By writing Σ¯M (X)
BC we wish to remind the reader of the dependence
on the various S7-variables. Let us, as an example, consider the sector α = 1, β =
1, γ = 1, δ = 1. Then eq.(26) reduces to
δd(bδc)a −
∫
dXdY ΣI(X, Y )d(b
∫
dX ′dY ′ ΣI(X ′, Y ′)c)a = δbcδad , (27)
and we compute
∫
dXdY ΣI(X, Y )ab = −1
4
[eIe∗aeb]∫
dXdY ΣI(X, Y )d(b
∫
dX ′dY ′ ΣI(X ′, Y ′)c)a =
1
16
(δd(bδc)a − δbcδad) . (28)
We obtain the correct tensor structure, but with an additional coefficient 1/16, which
ruins the show. Curiously, we also obtain
ΣI(X, Y )d(bΣ
I(X, Y )c)a = δd(bδc)a − δbcδad , (29)
which looks, up to the missing integrations, just like eq.(27). Such tantalizing coin-
cidences show up also in other sectors of eq.(26), but we have not been able to use
them to define a consistent off-shell supersymmetry algebra in D=(1,9).
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